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Abstract
Crosscap-number distributions, the distribution of graph embeddings into nonorientable sur-
faces, have been known for only a few cases. Chen et al. (Discrete Math. 128 (1994) 73)
calculated the crosscap-number distribution of necklaces, closed-end ladders and cobblestone
paths. In this paper, we compute the total genus polynomials and the total embedding polynomi-
als of bouquets of circles with an aid of edge-attaching surgery technique. It extends their genus
distributions computed by Gross et al. (J. Combin. Theory (B) 47 (1989) 292). The same work
is also done for dipoles. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let G be a :nite connected graph allowing self-loops and multiple edges with
vertex set V (G) and edge set E(G). An embedding of G into a closed surface S
is a homeomorphism  :G → S of G (as a one-dimensional CW -complex in the
3-space R3) into S. If every component of S − (G), called a region or a face, is
a 2-cell, then  is said to be a 2-cell embedding. Throughout this paper any em-
bedding is assumed to be a 2-cell embedding. The size of a region of an embed-
ding means the number of edge traversals required to complete a tour of the re-
gion boundary. Basic terminologies for graph embeddings are referred to Gross and
Tucker [6].
Two embeddings  :G → S and — :G → S of G into a closed surface S are said
to be equivalent if there is a homeomorphism h : S → S such that h ◦ = —. Here, if
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the surface S is orientable, we assume that S is oriented and the homeomorphism h is
orientation-preserving.
By the classi:cation of surfaces, a connected closed surface S is homeomorphic to
one of
Sm=


the orientable surface with m handles if m¿ 0;
the sphere S2 if m=0;
the nonorientable surface with − m crosscaps if m¡ 0:
The number (of equivalence classes) of embeddings of G into a surface Sm is denoted
gm(G). By the total genus polynomial of G, we mean the polynomial
gˆ[G](x)=
+∞∑
m=−∞
gm(G)xm:
Its partial sum
g[G](x)=
+∞∑
m=0
gm(G)xm
of nonnegative exponents is called the genus polynomial of G. It will be shown later
that both are :nite polynomials.
Since Gross and Furst [3] presented distributional information about a huge family
of embeddings of a graph into closed surfaces, many authors have computed the genus
polynomials of several kinds of graphs. For example, Gross et al. [5] did it for bouquets
of circles using a formula of Jackson [7]; Rieper [12], and Kwak and Lee [8] did
it independently for dipoles; Gross et al. [4] for necklaces; and Furst et al. [2] for
closed-end ladders and cobblestone paths, etc.
For the embedding distribution into nonorientable surfaces, Chen et al. [1] demon-
strated that a calculation of crosscap-number distributions can be reduced to tractable
problems in combinatorial enumeration by a selection of a spanning tree in connection
with the overlap matrices introduced by Mohar [10], and calculated the total genus
distribution of necklaces, closed-end ladders and cobblestone paths. Since the overlap
matrices of bouquets of circles are not sparse, it is not easy to calculate their total
genus distribution by using overlap matrices.
The combination of region sizes of an embedding can be encoded as a multivariate
monomial in the following manner. If an embedding  :G → S is given, then each
edge e of G occurs twice as a side of a region. Thus, the non-decreasing sequence of
region sizes of the embedding generates a partition  of 2|E(G)|, twice the number of
edges of G. Write =(1; 2; : : : ; k)  2|E(G)|. The embedding  is said to be of re-
gion type . By z and z−1 =1=z we denote the multivariate monomials z1z2 · · · zk
and 1=z1z2 · · · zk , respectively. The sum of these multivariate monomials z taken
over all embeddings into orientable surfaces, together with z−1 =1=z taken over all
embeddings into nonorientable surfaces, is called the total embedding polynomial of G.
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It is denoted by iˆ[G](zj):
iˆ[G](zj)=
∑
2|E(G)|
i(G)z +
∑
2|E(G)|
i˜(G)z−1 ;
where i(G) (i˜(G), resp.) denotes the number of embeddings of G into orientable
(nonorientable, resp.) surfaces of region type . Its orientable part
i[G](zj)=
∑
2|E(G)|
i(G)z
is called the embedding polynomial of G.
In this paper, we introduce a new algebraic method derived from edge-attaching
surgery, herein to compute the total embedding polynomials of bouquets of circles and
dipoles (See Theorems 4.1 and 5.2). The former represents index-one graphs and the
latter represents index-two graphs having no loops. Their total genus polynomials are
also deduced from their total embedding polynomials.
2. Combinatorial characterizations of equivalent embeddings
Every edge e of a graph G gives rise to a pair of oppositely directed edges, and
we denote the set of directed edges of G by D(G). By e−1 = vu, we mean the reverse
edge to a directed edge e+1 = uv.
A rotation v at a vertex v is a cyclic permutation of the directed edges initiated
at v. Their product =
∏
v∈V (G) v is called a rotation system. It is a permutation
of D(G). If each vertex v has degree dv, then the total number of rotation systems
is
∏
v∈V (G)(dv − 1)!. There is a one-to-one correspondence between the family of
embeddings of a graph into the closed orientable surfaces and the set of rotation
systems.
An embedding scheme for a graph G is a pair (; ) consisting of a rotation system
 and a voltage map  on G with values in Z2 = {1;−1}. It is known [13] that any
embedding of G into an orientable or nonorientable surface can be described by an
embedding scheme (; ). It describes an embedding into an orientable surface if and
only if the number of edges e with (e)= − 1 is even for any cycle of G. In fact,
the edges e with (e)= − 1 are the twisted edges in the surfaces into which G is
embedded. (See [6,13] for details.) The covering graph derived from the voltage map
 is denoted by G. Since G is a double covering graph of G, every edge ej of G
is the projection of edges (ej; 1) and (ej;−1). We de:ne a rotation system  for G
by lifting v to (v; 1) and lifting −1v to (v;−1) for each vertex v of G. The rotation
system  determines an embedding of G into an orientable surface, say ˜ :G → S˜,
called the auxiliary embedding of G. As shown in the proof of Theorem 2 in [13], the
regions of the embedding of G into S˜ can be partitioned into pairs { MR; Rˆ} with MR 	= Rˆ
so that the oriented boundaries of MR and Rˆ project down to inverse walks of G. Let R
be the collection of regions which contains only one region, say MR, from each pair of
{ MR; Rˆ}. Let P( MR) denote a plane polygon whose oriented boundary is (e 11 ; e 22 ; : : : ; e nn ) if
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Fig. 1. Four nonequivalent rotation systems for B2.
the oriented boundary of MR is ((e1; #1) 1 ; (e2; #2) 2 ; : : : ; (en; #n) n); where the superscript
 j is 1 when the edge direction is parallel to the orientation of the boundary and −1
otherwise. Then each edge e in G occurs twice as the side of some P( MR). Now, the
side identi:cation process of the collection P(R)= {P( MR): MR∈R} yields an embedding
 :G → S of G into a closed (orientable or nonorientable) surface S. Moreover, S˜ is the
canonical orientable double covering of S and the graph covering projection p :G →
G can be extended to the surface covering projection ’ : S˜ → S so that ’ ◦ ˜= ◦p.
Such a description of the embedding  :G → S will be used in Section 3 to describe
the edge-attaching surgery.
Let (; ) be an embedding scheme with an associated embedding  :G → Sk . If the
surface Sk is oriented, it can be represented by a 4k-gon with the identi:cation data∏k
s=1 asbsa
−1
s b
−1
s on its boundary if k ¿ 0 or a bigon with identi:cation data aa
−1 if
k =0. By taking a diagonal reOection of the polygonal representation of the surface,
we have another embedding — :G → Sk ; called the mirror image of . The diagonal
reOection is a homeomorphism of the surface, but not orientation-preserving. Note that
the rotation system ) for the mirror image — is given by )= −1. Hence, the embedding
 is not equivalent to its mirror image — if k¿ 0. Now we de:ne the mirror image
(); *) of an embedding scheme (; ) by )= −1 and *= . It can be veri:ed that the
associated embeddings  and — are equivalent if k ¡ 0:
Example 2.1. Let Bn denote the bouquet of n circles. Since a vertex of degree two is
irrelevant to the graph embedding, the four diagrams in Fig. 1 can be identi:ed as the
rotation systems for embeddings of the bouquet B2 into the sphere S2. In fact, these are
all of the nonequivalent rotation systems for the embeddings of B2 into the sphere S2;
as shown in [5]. But, (a) and (c) (also, (b) and (d), resp.) are the mirror images each
other, so they are orientation-free equivalent, but not equivalent. In each of the rotation
systems (a)–(d), if we de:ne =− 1 (i.e., twisted) for the edge {1; 2} and =1 for
all other edges, then we have a 2-region embedding into a nonorientable surface S.
By the Euler’s equation +(S)= |V (G)| − |E(G)|+#regions, the surface S must be the
projective plane S−1. Since each one is equivalent to its mirror image, we have two
nonequivalent embeddings of B2 into the projective plane. If we de:ne =− 1 for the
edge {3; 4} instead of the edge {1; 2}, we can have another two embeddings of B2 into
the projective plane. Later, we see that there are exactly :ve nonequivalent embeddings
of B2 into the projective plane. The embedding scheme (; ) for the :fth one is given
by =(1 4 2 3) and =− 1 for the edges {1; 2} and {3; 4}. By the case chasing, we
can :nd two embeddings of B2 into the torus: one with the rotation system =(1 4 2 3)
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and its mirror image; and four embeddings of B2 into the Klein bottle: =(1 4 2 3)
with a twisted edge {1; 2}; =(1 4 2 3) with a twisted edge {3; 4}; =(1 2 3 4) with
two twisted edges {1; 2} and {3; 4}; and the last one =(1 3 4 2) with two twisted
edges {1; 2} and {3; 4}. In summary, we have
gˆ[B2](x)= 4 + 2x + 5
1
x1
+ 4
1
x2
:
We say that the embedding scheme (); *) is obtained from (; ) by a vertex-6ip
at u if )u= −1u , *(e)= − (e) for any edge e having exactly one endpoint incident
on u, and )w = w, *(e)= (e) for the other vertices w and edges e. Let C0(G;Z2)
denote the set of maps from V (G) to Z2 = {1;−1}.
Theorem 2.2. Let (; ) and (); *) be two embedding schemes for a graph G with
associated embeddings  :G → S and — :G → S; respectively. Then the following are
equivalent:
(a) There is a one-to-one correspondence / between the set of regions of (; ) and
the set of regions of (); *) such that if R1 is a region of (; ) and /(R1)=R2;
then the cyclic permutation of an oriented boundary of R1 is either identical to
or the reverse of that of R2; and every cycle of G has the same parity of the
number of twisted edges in (; ) and in (); *).
(b) There exists f∈C0(G;Z2) such that )v=(v)f(v) and *(e)=f(u)(e)f(w)for
all vertices v and all edges e= uw.
(c) There is a sequence of vertex-6ips that transforms the embedding scheme (; )
to the other one (); *).
Proof. Condition (a) ⇔ (c) was done in Chen et al. [1]; and (a) ⇔ (b) was done in
Kwak and Lee [9].
Two embedding schemes are equivalent if one of the statements in Theorem 2.2 is
satis:ed. Let T be a spanning tree of G and let v0 be a root vertex of G. A T -embedding
scheme for G is an embedding scheme (; ) with (e)= 1 (untwisted) for every edge
e in T . Clearly, there are 22(G)
∏
v∈V (G)(dv − 1)! T -embedding schemes for G for any
spanning tree T , where 2(G)= |E(G)| − |V (G)|+1 is the Betti number of G. In fact,
for any given embedding scheme (; ), there exists one and only one repetition-free
set of vertex-Oips to transform (; ) into a T -embedding scheme while preserving
the rotation (the local orientation) at the root vertex v0, called the tree-transformation
algorithm in Chen et al. [1].
The number of T -embedding schemes for G into the surface Sm, m∈Z, is denoted
gTm(G). By the total genus T -distribution polynomial of G, we mean the polynomial
gˆ T [G](x)=
+∞∑
m=−∞
gTm(G)x
m:
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Its partial sum gT [G](x)=
∑+∞
m=0 g
T
m(G)x
m of nonnegative exponents is called the genus
T -distribution polynomial of G. In a similar way, by summing up all monomials z or
1=z taken over all T -embedding schemes into an orientable or a nonorientable surface,
we get
iˆ
T
[G](zj)=
∑
2|E(G)|
iT (G)z +
∑
2|E(G)|
i˜
T
 (G)z
−1
 ;
called the total embedding T -distribution polynomial of G.
Chen et al. [1] showed that the total genus T -distribution polynomial gˆ T [G](x) is
independent of the choice of a spanning tree T and a root vertex v0, and so also is the
total embedding T -distribution polynomial iˆ
T
[G](x). In fact, Chen et al. [1] computed
the total genus T -distribution polynomial gˆ T [G](x) for necklaces, closed-end ladders
and cobblestone paths.
With a parallel argument to the proof of Theorem 2.2, one can show that two
T -embedding schemes of G into an orientable surface are identical if and only if their
associated embeddings are equivalent. It implies that the orientable part of gˆ T [G](x) is
coincident with g[G](x), and the orientable part of iˆ
T
[G](zj) is coincident with i[G](zj).
However, two T -embedding schemes of G into a nonorientable surface are equivalent
if and only if their associated embeddings are equivalent, so that there are exactly
two T -embedding schemes in every equivalence class of embedding schemes into a
nonorientable surface. In summary, we have the following lemma.
Lemma 2.3. (a) gTm(G)=
{
gm(G) if m¿ 0;
2gm(G) if m¡ 0:
(b) iT (G)= i(G) and i˜
T
 (G)= 2i˜(G) for every partition  of 2|E(G)|:
Let Aut(G) denote the group of automorphisms of G. As a weaker notion of the
equivalence of embeddings of G into a closed (orientable or nonorientable) surface,
one says that two embeddings  :G → S and — :G → S are congruent with respect
to a subgroup 3 of Aut(G) if there are a surface homeomorphism h : S → S and a
graph automorphism 4∈3 such that h ◦ = — ◦ 4. Here, the surface homeomorphism h
need not be orientation-preserving even if the surface S is oriented. If h is assumed
to be orientation-preserving when the surface is oriented, then the embeddings are
said to be oriented congruent. The oriented congruence classes of embeddings with
respect to the trivial subgroup are just the equivalence classes of those into oriented
surfaces. However, the congruence classes of embeddings into nonorientable surfaces
with respect to the trivial subgroup is just the equivalence classes of them. Clearly,
two oriented congruence classes of embeddings with respect to the trivial subgroup
merge into one congruence class of embeddings with respect to the trivial subgroup
by ignoring the orientation of an orientable surface. Mull et al. [11] enumerated the
congruence classes of embeddings into closed orientable surfaces for the wheel graphs
and the complete graphs. Kwak and Lee [9] enumerated the congruence classes of
embeddings of a graph G into closed (orientable or nonorientable) surfaces with respect
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to a group of automorphisms 3 of G. In particular, when 3 is the trivial subgroup,
their enumeration is
Theorem 2.4 (Kwak and Lee [9]). The number of congruence classes with respect to
the trivial subgroup is
1
2
∞∑
m=0
gm(G) +
−∞∑
m=−1
gm(G)= 22(G)−1
∏
v∈V (G)
(dv − 1)!
for any connected graph G having minimum degree at least 3.
The number of T -embedding schemes is
gˆ T [G](1)= 22(G)
∏
v∈V (G)
(dv − 1)!:
For example, if G=Bn is the bouquet of n circles, then gˆ
T [Bn](1)= 2n(2n− 1)!, and
1
2
∞∑
m=0
gm(Bn) +
−∞∑
m=−1
gm(Bn)= 2n−1(2n− 1)!:
3. Inductive construction of the embedding schemes for Bn
Given an embedding G → S, there exists an associated reduced band decomposition
(see [6]). The 0-bands (1-bands, resp.) assume the names of respective vertices (edges,
resp.) in the embedding G → S. The corners are the arcs in the 0-bands which are
the intersections of the 0-bands and the 2-bands. In this section, we assume that the
graph G is the bouquet Bn of n circles and aim to construct inductively all embedding
schemes for Bn+1 =Bn + e by attaching an additional edge e from each embedding
scheme for Bn. Note that T -embedding schemes for Bn are just embedding schemes.
Given an embedding scheme for the bouquet Bn, let it be of the region type  and be
represented by a monomial z±1 , where =(1; 2; : : : ; k) is a partition of 2n. Then,
one can construct an embedding scheme for Bn+1 =Bn + e by attaching an additional
edge e to corners of the 0-bands, as illustrated in Fig. 2. In Fig. 2, a solid dot stands
for the starting corner and a hollow dot stands for the ending corner.
There are three possibilities of attaching the edge e. They generate three kinds of
edge-attaching surgeries, which are called 3-, 5- and 6-edge-attaching surgery, or
simply, 3-, 5- and 6-surgery, respectively.
3.1. Case 1: 3-surgery
Delete a 2-band of a region P(R)∈P(R) and attach the e-band without twisting to
the corners of P(R) so that the e-band divides the hole into two holes. Close oR the
holes with two new 2-bands. The number of regions is increased by one, as illustrated
100 J.H. Kwak, S.H. Shim /Discrete Mathematics 248 (2002) 93–108
Fig. 2. Edge-attaching surgery.
Fig. 3. The :bre of en+1 in the auxiliary embedding for 3-surgery.
in Fig. 2. In the auxiliary embedding, one :bre of e is attached to the corners of MRj
and the other is attached to those of Rˆj in the pair of { MRj; Rˆj} for some j=1; 2; : : : ; k.
Recall that each multivariate monomial z or z−1 in the total embedding T -distribution
polynomial iˆ
T
[Bn](zj) stands for an embedding scheme for the bouquet Bn of region
type , and a variate zj stands for a j-sided region in the embedding. By attach-
ing the e-band to the region P(R), say of size j, with a :xed starting corner, we
have two new regions whose sizes are encoded by z1+#zj+1−#=(z1+#zj+1−#=zj)zj
for 06 #6 j according to the choice of the ending corner as illustrated in Fig. 3.
The number of ways to choose a starting corner in the region P(R) is j. Hence, all
possible 3-surgeries of attaching the e-band in the j-sided region P(R) transform the
term z±1 in iˆ
T
[Bn](zj) to terms
j∑
#=0
j
{(
z1+#zj+1−#
zj
)
z
}±1
in iˆ
T
[Bn+1](zj). Now, by collecting all possible 3-surgeries of attaching the e-band into
any region of the given embedding scheme which is of region type =(1; 2; : : : ; k),
we obtain
k∑
j=1
j∑
#=0
j
{(
z1+#zj+1−#
zj
)
z
}±1
from z±1 . Such a 3-surgery can be described by an algebraic operator in the total
embedding polynomial as follows:
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Fig. 4. The :bre of en+1 in the auxiliary embedding for 5-surgery.
De$nition 3.1. Let =(1; 2; : : : ; k)  2n, i.e.,
∑k
j=1 j =2n with positive integers
j’s. We de:ne an operator
3(z±1 )=
k∑
j=1
j∑
#=0
j
{(
z1+#zj+1−#
zj
)
z
}±1
;
and extend it linearly to a polynomial
∑
j cjmj as
3
(∑
j
cjmj
)
=
∑
j
cj3(mj);
where mj are monomials and cj are their coeScients.
From the construction, one can see that 3(iˆ
T
[Bn](zj)) is the part of the total embed-
ding T -distribution polynomial iˆ
T
[Bn+1](zj) which represents the embeddings of Bn+1
obtained from iˆ
T
[Bn](zj) by the 3-surgeries.
3.2. Case 2: 5-surgery
Delete a 2-band of a region P(R)∈P(R) and attach the e-band with twisting to
the corners of P(R) so that it still has only one hole. Close oR the hole with a new
2-band. The number of regions does not change, but the region size is increased by
two. In the auxiliary embedding, each :bre of e connects a corner of MRj and one of
Rˆj for some j=1; 2; : : : ; k.
Note that the embedding of Bn + e obtained by 5-surgery is always an embedding
into a nonorientable surface because of the twistedness of the e-band. It means that
the size of the new region generated from P(R) is encoded by
1
zj+2
=
(
zj+2
zj
zj
)−1
as in Fig. 4. The number of ways to choose a starting and an ending corner in the
region P(R) is 2j . When we choose the same corner of P(R) for the starting and
ending corner, there are two ways to attach the e-band according to the direction of
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Fig. 5. The :bre of en+1 in the auxiliary embedding for 6-surgery.
the edge e. Hence, all possible 5-surgeries of attaching the e-band in the j-sided
region P(R) transform the term z±1 in iˆ
T
[Bn](zj) to terms
(2j + j)
(
zj+2
zj
z
)−1
in iˆ
T
[Bn+1](zj). Now, by collecting all possible 5-surgeries of attaching the e-band
into any region of the given embedding scheme of region type =(1; 2; : : : ; k), we
obtain
k∑
j=1
(2j + j)
(
zj+2
zj
z
)−1
from z±1 . It is also possible to de:ne the 5-surgery in an algebraic way.
De$nition 3.2. Let =(1; 2; : : : ; k)  2n. The operator 5 is de:ned by
5(z±1 )=
k∑
j=1
(2j + j)
(
zj+2
zj
z
)−1
and extended linearly to a polynomial
∑
j cjmj as
5
(∑
j
cjmj
)
=
∑
j
cj5(mj):
Note that 5(iˆ
T
[Bn](zj)) is the polynomial iˆ
T
[Bn+1](zj) which represents the embed-
ding schemes for Bn+1 obtained from iˆ
T
[Bn](zj) by the 5-surgeries.
3.3. Case 3: 6-surgery
Delete the 2-bands of two diRerent regions P(Ri) and P(Rj), and attach the e-band
(with or without twisting) to connect a corner in the region P(Ri) and a corner in
the region P(Rj). Close oR the hole with one new 2-band. The number of regions is
decreased by one. In the auxiliary embedding, one :bre of e is attached to either a
corner of Rˆi and one of MRj, or a corner of MRi and one of Rˆj (see Fig. 5), and the other
:bre is attached similarly with the remaining regions for some 16 i 	= j6 k.
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By attaching the e-band either with twisting or without twisting, the regions P(Ri)
and P(Rj) encoded by the product of variates zi zj in z transforms into a new region
encoded by zi+j+2 = (zi+j+2=zi zj zi zj) or 1=zi+j+2 = ((zi+j+2=zi zj)zi zj)
−1 de-
pending on the state of twisting. Hence, the term z in iˆ
T
[Bn](zj) transforms to terms
zi+j+2
zi zj
z +
(
zi+j+2
zi zj
z
)−1
= { MRi ∼ MRj; Rˆi ∼ Rˆj}+ { MRi ∼ Rˆj; Rˆi ∼ MRj}
in iˆ
T
[Bn+1](zj). The number of ways to choose a starting point in the region MRi and
an ending point in the region MRj or Rˆj is ij. When a starting point is chosen in MRj,
there are another ij ways of the attaching. Thus, all possible 6-surgeries of attaching
the e-band between the region P(Ri) and the region P(Rj) transform z in iˆ
T
[Bn](zj)
to terms
2ij
[{(
zj+i+2
zj zi
)
z
}
+
{(
zj+i+2
zj zi
)
z
}−1]
in iˆ
T
[Bn+1](zj). Now, by collecting all possible 6-surgeries of attaching the e-band
into any two diRerent regions of the given embedding scheme of region type =
(1; 2; : : : ; k), one can obtain
∑
16i¡j6k
2ij
[{(
zj+i+2
zj zi
)
z
}
+
{(
zj+i+2
zj zi
)
z
}−1]
from z. By a similar process with z−1 instead of z, we can get∑
16i¡j6k
4ij
{(
zj+i+2
zj zi
)
z
}−1
from z−1 .
De$nition 3.3. Let =(1; 2; : : : ; k)  2n. The operator 6 is de:ned by
6(z±1 )=
∑
16i¡j6k
2ij
[{(
zj+i+2
zj zi
)
z
}±1
+
{(
zj+i+2
zj zi
)
z
}−1]
;
and extended linearly to a polynomial
∑
j cjmj as
6
(∑
j
cjmj
)
=
∑
j
cj6(mj):
Let 8(z±1 ) denote its partial sum
∑
16i¡j6k 2ij{(
zj+i+2
zj zi
)z}±1 and extend it alike.
Note that 6(iˆ
T
[Bn](zj)) is the part of total embedding T -distribution polynomial
iˆ
T
[Bn+1](zj), which represents the embedding schemes for Bn+1 obtained from iˆ
T
[Bn](zj)
by the 6-surgeries.
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4. Total embedding distributions of bouquets of circles
One can compute the total embedding polynomial of Bn+1 from that of Bn induc-
tively. The following theorem and corollaries follow immediately from the three surg-
eries in Section 3.
Theorem 4.1. Let 9=3 +5+ 6. Then
iˆ
T
[Bn+1](zj)=9(iˆ
T
[Bn](zj))=9n(iˆ
T
[B1](zj))=9n
(
1
z2
+ z21
)
:
Corollary 4.2. iT [Bn+1](zj)= (3 + 8)n(z21).
Corollary 4.3. Let iˆ
T
[Bn](y) be the polynomial in y substituting y for variates zj.
gTm(Bn)=
{
the coe8cient of y1+n−2m in iˆ
T
[Bn](y) if m¿ 0;
the coe8cient of y−(1+n+m) in iˆ
T
[Bn](y) if m¡ 0:
Proof. First, note that the exponent of y in iˆ
T
[Bn](y) is equal to the number of the
regions of the embeddings. If m¿ 0, the Euler equation of Bn is 2 − 2m=1 − n +
#regions; and the number of regions is 1 + n− 2m.
If m¡ 0, the Euler equation of Bn is 2 + m=1− n+ #regions; and the number of
regions is 1 + n+ m.
Example 4.4. To compute the polynomials iˆ
T
[B2](zj) and gˆ
T [B2](x), :rst we need the
following 6 (= 3 operators× 2 monomials) terms.
3(z21)=
(
z1z2 + z2z1
z1
+
z1z2 + z2z1
z1
)
z21 = 4z
2
1z2
5(z21)= 4z1z3; 8(z
2
1)= 2z4;
3(z2)= 4z1z3 + 2z22 ; 5(z2)= 6z4; 8(z2)= 0:
Now, we compute
iˆ
T
[B2](zj) =9
(
z21 +
1
z2
)
=9(z21) + 9
(
1
z2
)
=3(z21) +5(z
2
1) + 6(z
2
1) + 3
(
1
z2
)
+5
(
1
z2
)
+ 6
(
1
z2
)
= 4z21z2 +
4
z1z3
+
2
z4
+ 2z4 +
4
z1z3
+
2
z22
+
6
z4
= 4z21z2 + 2z4 +
8
z1z3
+
2
z22
+
8
z4
iˆ
T
[B2](y)= 4y3 + 2y + 10
1
y2
+ 8
1
y
:
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Table 1
Some values of gTm(Bn)
n \ m · · · −4 −3 −2 −1 0 1 2 · · · Total
0 1 1
1 1 1 2= 2× 1!
2 8 10 4 2 24= 4× 3!
3 328 336 176 40 80 960= 8× 5!
4 23424 33120 14592 4464 672 3360 1008 80640= 16× 7!
...
...
...
...
...
...
...
...
...
We derive the total genus T -distribution polynomial of B2 from the latter polynomial,
gˆ T [B2](x)= 4 + 2x + 10
1
x1
+ 8
1
x2
:
The reader is suggested to compare this polynomial gˆ T [B2](x) with the polynomial
gˆ[B2](x) given in Example 2.1 with an aid of Lemma 2.3.
From a similar computation, one can get
iˆ
T
[B3](zj) = 328
1
z6
+ 192
1
z5z1
+ 96
1
z4z2
+ 48
1
z23
+ 72
1
z4z21
+ 96
1
z3z2z1
+ 8
1
z32
+ 16z3z31 + 24z
2
2z
2
1 + 48z5z1 + 24z4z2 + 8z
2
3 ;
gˆ T [B3](x)= 328
1
x3
+ 336
1
x2
+ 176
1
x
+ 40 + 80x
and
iˆ
T
[B4](zj) = 23424
1
z8
+ 15744
1
z7z1
+ 7872
1
z6z2
+ 6528
1
z5z3
+ 2976
1
z24
+ 3840
1
z6z21
+ 4608
1
z5z2z1
+ 3840
1
z4z3z1
+ 1152
1
z4z22
+ 1152
1
z23z2
+ 768
1
z5z31
+ 1728
1
z4z2z21
+ 768
1
z23z
2
1
+ 1152
1
z3z22z1
+ 48
1
z42
+ 96z4z41 + 384z3z2z
3
1 + 192z
3
2z
2
1
+ 960z6z21 + 1152z5z2z1 + 768z4z3z1 + 288z4z
2
2 + 192z
2
3z2 + 1008z8;
gˆ T [B4](x)= 23424
1
x4
+ 33120
1
x3
+ 14592
1
x2
+ 4464
1
x
+ 672 + 3360x + 1008x2:
The orientable part of gˆ T [Bn](x) is identical with the genus polynomial, as calculated
by Gross et al. [5] (see Table 1).
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Remark 4.5. We already know that iˆ
T
[Bn](1)= 2n(2n − 1)!: The number of ways of
attaching en+1 to a given embedding scheme for Bn is 2n+1(2n+1)!=2n(2n−1)!= 2(2n+
1)(2n). If we compute 9(z±1 ) for z
±1
 representing an embedding scheme for Bn and
substitute 1 for the variates zj, then we obtain
k∑
j=1
j∑
#=0
j +
k∑
j=1
j(j + 1) + 2
∑
16i¡j6k
2ij
=2

 k∑
j=1
2j +
k∑
j=1
j +
∑
16i¡j6k
2ij


=2



 k∑
j=1
j


2
+
k∑
j=1
j

=2(2n)(2n+ 1):
5. Total embedding distributions of dipoles
Since the total embedding polynomials of dipoles can be computed in a manner
similar to that of bouquets of circles, we omit the details. Note that every region of
the embeddings of dipoles have even sizes and two vertices occur alternately in the
boundary walks.
De$nition 5.1. (a) The operator 3D on z±1 is de:ned by
3D(z±1 )=
k∑
j=1
j
2∑
#=1
j
2
{(
z2#zj+2−2#
zj
)
z
}±1
;
and extended linearly to a polynomial
∑
j cjmj as 3D(
∑
j cjmj)=
∑
j cj3D(mj).
(b) The operator 5D on z±1 is de:ned by
5D(z±1 )=
k∑
j=1
(j
2
)2{( zj+2
zj
)
z
}−1
;
and extended linearly to a polynomial
∑
j cjmj as 5D(
∑
j cj mj)=
∑
j cj5D(mj).
(c) The operator 6D on z±1 is de:ned by
6D(z±1 )=
∑
16i¡j6k
2
(i
2
j
2
)[{( zi+j+2
zi zj
)
z
}±1
+
{(
zi+j+2
zi zj
)
z
}−1]
:
As a linear extension of 6D, we de:ne 6D(
∑
j cjmj)=
∑
j cj6D(mj). Let 8D(z
±1
 )
denote its partial sum∑
16i¡j6k
2
(i
2
j
2
){( zi+j+2
zi zj
)
z
}±1
and extended alike.
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Theorem 5.2. Let 9D =3D +5D + 6D. Then
iˆ
T
[Dn+1](zj)=9D(iˆ
T
[Dn](zj))= (9D)n(iˆ
T
[D1](zj))= (9D)n(z2):
Corollary 5.3. iT [Dn+1](zj)= (3D + 8D)n(z2).
Corollary 5.4.
gTm(Dn)=
{
the coe8cient of yn−2m in iˆ
T
[Dn](y) if m¿ 0;
the coe8cient of y−(n+m) in iˆ
T
[Dn](y) if m¡ 0:
Example 5.5.
iˆ
T
[D2](zj)=
1
z4
+ z22 ; gˆ
T [D2](x)=
1
x
+ 1;
iˆ
T
[D3](zj)= 6
1
z6
+ 6
1
z4z2
+ 2z32 + 2z6; gˆ
T [D3](x)= 6
1
x2
+ 6
1
x
+ 2 + 2x;
iˆ
T
[D4](zj)= 120
1
z8
+ 72
1
z6z2
+ 24
1
z24
+ 36
1
z4z22
+ 6z42 + 24z6z2 + 6z
2
4 ;
gˆ T [D4](x)= 120
1
x3
+ 96
1
x2
+ 36
1
x
+ 6 + 30x;
iˆ
T
[D5](zj)= 3360
1
z10
+ 2400
1
z8z2
+ 1440
1
z6z4
+ 720
1
z6z22
+ 480
1
z24z2
+ 240
1
z4z32
+ 24z52 + 240z6z
2
2 + 120z
2
4z2 + 192z10;
gˆ T [D5](x)= 3360
1
x4
+ 3840
1
x3
+ 1200
1
x2
+ 240
1
x
+ 24 + 360x + 192x2:
Notice that the orientable part of gˆ T [Dn](x) is identical to the genus polynomial of Dn
as shown in Kwak and Lee [8].
6. Epilogue
We have examined the total embedding distributions of bouquets of circles Bn and
dipoles Dn, from which the total genus polynomials of Bn and Dn can be derived.
How many embeddings of a graph G are generated into orientable surfaces or into
nonorientable surfaces? It seems that almost all embeddings of them are those into
nonorientable surfaces. For example, for G=Bn,
the number of nonorientable embedding schemes for Bn
the number of all embedding schemes for Bn
=
2n − 1
2n
:
It suggests that one should raise an attention on the study of the crosscap-number
distributions of graphs. What kinds of the properties for the genus distribution can
be kept as those for the crosscap-number distributions of graphs? For example, the
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unimodality of the genus distributions of Bn and Dn was answered by Gross et al. [5],
and Kwak and Lee [8]. Herewith, we raise two questions:
(1) Are the crosscap-number distributions of the bouquets of circles Bn and dipoles
Dn (strongly) unimodal?
(2) Are there any recurrence relations for gm(Bn) or gm(Dn) when m is negative?
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